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Abstract 
A semi-analytical finite element method is presented to compute dispersion curves of plane strain waves in 
waveguides buried in infinite space system. The waveguide is approximated by finite elements while its surrounding 
medium by evanescent bulk wave field. The dispersion curves are finally obtained from an eigenvalue equation. The 
method requires the buried waveguide system has a uniform physical and geometric property along its propagation 
axis; however, its cross-section may be isotropic, anisotropic, homogeneous or heterogeneous. The formulation and 
its computer program are verified by comparing with the available results obtained using a global matrix based 
method. 
 
 
Keywords:Dispersion curve; buried waveguide; seimi-analytical method; plane strain; infinite space. 
1. Introduction 
In both civil and mechanical engineering fields, waveguides buried in infinite space can be found in 
many situations. Many of these buried waveguides are difficult to reach, and guided waves are useful in 
these cases for the purposes of nondestructive testing and structural health monitoring. To design a testing 
or monitoring scheme and then interpret data, knowledge of the dispersion curves of waves propagating 
in the waveguides is a prerequisite. 
To compute dispersion curves of various waveguides, many methods have been developed in two 
dimensions or three dimensions analytically or numerically, e.g., series expansion [1], global matrix [2], 
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and finite element [3-5] based methods, among which the finite element based method appears to be 
straightforward and efficient because its solution is obtained from a well-posed generalized eigenvalue 
problem in a stable manner. The finite element technique has been successfully used by many authors on 
wave propagation analysis of unburied waveguides, such as, pretwisted beams [3], rectangular wires [4], 
and tyres [5]. For the buried waveguides, in general, the waves travel with some energy leaking into the 
surrounding infinite medium while the rest trapped in the waveguides. Thus the formulation of the finite 
element based method must be reformulated to take the surrounding medium and leaking evanescent 
waves into account. 
2. Modeling Wave Propagation 
Consider the construction of a two-dimensional infinite space system of plane strain. The system is 
described by Cartesian coordinates ( , ) :x y  x  and has three general layers separated by two interfaces 
with domain 1AL  \  as shown in Fig. 1. Layer 1 and Layer 3 are isotropic and homogenous semi-
infinite layers with domain 21A  \ , while Layer 2 is a anisotropic and heterogeneous finite layer 
(representing, e.g., waveguides of fiber reinforced and functionally graded materials) of height H  with 
domain 22A  \ , as shown in Fig. 1. The general layer of Layer 2 may consist of many specific sub-
layers including the one modeling a buried waveguide and we assume its material and geometry property 
are consistent along the x  axis. 
 
Fig. 1. Schematic of the generalized analysis model. 
Let u ,V  and H  be the displacement vector, second-order stress and strain tensors, respectively. For 
harmonic waves with frequency Z  propagating along the x -axis direction, the common complex 
formalism should be adopted [6], and the displacement, strain and stress take the forms: 
[ , , ] Re{[ , , ]( , ) exp( )} Re{[ , , ]( , , ) exp( )}x xi t y k ik x i tZ Z Z Z   x  u u uH V H V H V  (1) 
where 1i   , t  is the time, xk  is the wavenumber, and the over-tilde and over-bar denote quantities of 
complex number in one-dimensional frequency and two-dimensional wavenumber-frequency domains, 
respectively. 
2.1. Analytical model for the general layers of Layer 1 and Layer 3 
In an unbounded homogeneous and isotropic medium, wave field is completely accounted for by 
longitudinal P, and shear SH and SV waves. For the plane strain analysis here, SH waves polarized in the 
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horizontal plane are excluded and only P and SV waves exist as: 
( , ) Re{ ( , ) exp( )}, ( , ) Re{ ( , ) exp( )}p sp p p p p p s s s s s s
p s
u t A i i t u t A i i t
c c
Z ZZ Z Z Z     x k k x x k k x  (2) 
where A  is the wave amplitude, c  is the phase velocity, k  is the wave vector, and the subscripts p  and 
s  denote quantities associated with the P and SV waves, respectively. 
In the bounded Layer 1 and Layer 3 of half-space, the P and SV waves are guided along the horizontal 
interface boundary planes. Thus, according to Snell’s law, the following relationships hold: 
2 2 2 2, , ,p sp px py s sx sy px sx x p s
p s
k k k k k k k
c c
Z Z Z Z Z          k k  (3) 
For propagating waves, pxk  and sxk  must be real numbers; to conserve energy in the system and 
represent waves evanescent in the yB  directions for Layer 1 and Layer 3, respectively, pyk  and syk  must 
be imaginary numbers with Im( , ) 0 py syk k tB . It follows that: 
^ ` 2 2 2 2, Re exp( ( ) ), exp( ( ) ) exp( )p s p x s x x
p p s s
u u A iy k A iy k ik x i t
c c c c
Z Z Z Z Z
­ ½ª º° °   « »® ¾
« »° °¬ ¼¯ ¿
B B  (4) 
The pu  and su  are the guided body wave displacements referring to the wave vectors. Project them onto 
the Cartesian coordinates, and then the following displacement components can be obtained: 
2 2 2 2 2 2
2 2 2 2 2 2
exp( ( ) ) ( ) exp( ( ) )
( ) exp( ( ) ) exp( ( ) )
x px sx p x x s x x
p s s
y py sy p p x s x x
p p s
u u u A k iy k A k iy k
c c c
u u u A k iy k A k iy k
c c c
Z Z Z
Z Z Z
     
      
B B B
B B B
 (5) 
The stress field can be obtained from the linear and elastic constitutive relation and they can be expressed 
as follows: 
 
 
2 22 2
2 2 2 2 2 2 2 2
32 2
2
2 2 2 2 2 2 2 2 2
2
2 2 2 2 2
2 ( )exp( ( ) ) 2 exp( ( ) )
2
2 exp( ( ) ) 2 exp( ( ) )
2 exp( ( )
s
xx p s x x s s x x
p sp s
xy yx p s x x x s s x x
p sp
yy p s x x
p
c
A i c k iy k A i c k k iy k
c cc c
A i c k k iy k A i c k iy k
c cc
A i c k iy k
c
ZZ Z Z ZV U U
Z Z ZV V U U Z
ZV U Z
     
      
  
B B B
B B B
B
2
2 2 2 2
32) 2 exp( ( ) )s s x x
ss
A i c k k iy k
cc
Z ZUr  B
 (6) 
where U  is the density. One should note that the displacement and stress components in Eqs. (5) and (6), 
respectively, are the corresponding complex quantities in the two-dimensional wavenumber-frequency 
domain, as implied in Eq. (1). 
2.2. Finite element model for the general layer of Layer 2 
For Layer 2, the similar analysis procedure to the previous one applies. However, an energy method is 
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used instead, because employing an energy scheme here offers the flexibility to model an arbitrary Layer 
2 without considering the P-SV wave interactions that become increasingly complex in the presence of 
multi-interface and material anisotropy. 
In a conservative system, for the wave considered in Eq. (1) the potential energy contribution of 
internal strains in the field of complex numbers is as follows: 
2
/2* *
2 / 2
1 1 ˆ ˆ
2 2
H
ijml ml ij ijml ml ijA x H
V C dA dx C dyH H H H

  ³³ ³ ³   (7) 
where the superscript *  denotes the complex conjugate, ijmlC  is the forth-order elastic material tensor, 
and 
    , ,1ˆ 2ml m l l m x m xl l xmu u ik u uH G Gª º   ¬ ¼  (8) 
In the absence of body forces and applied loads, the potential energy contribution of loads P  is equal to 
   * * *| |
A
i i A i i y H i i y HL x x
P p u dL dx p u dx p u    ³ ³ ³   (9) 
where p  is the representational external force replacing the supporting Layer 1 and Layer 3. The kinetic 
energy of the layer T  is given by 
 
2
/22 * 2 *
2 / 2
1 1
2 2
H
i i i iA x H
T u u dA dx u u dyUZ UZ

  ³³ ³ ³   (10) 
where U  is the density of Layer 2. In obtaining Eqs. (7), (9) and (10), the obvious fact that 
*(exp( )) exp( ) 1x xik x ik x   has been used.  
Because Hamilton’s principle is in the form: 
 ( ) 0
t
T V P dtG    ³  (11) 
and V , P  and T  here hold for the arbitrary t  and x  intervals, we can obtain the following integration 
domain reduced variational statement: 
   /2 /22 * * * *
/ 2 /2
ˆ ˆ( ) | | . 0
H H
i i ijml ml ij i i y H i i y HH H
I u u dy C dy p u p u c cG UZ G H GH G G         ³ ³u  (12) 
where . .c c  denotes the complex conjugate of the quantities that precede it. 
The integration domain in Eq. (12) can be represented by a system of finite elements. In a typical 
element, the displacement field of complex numbers can be written in terms of the shape functions eN  
and the nodal displacements eU ; thus, u  in Eq. (1) can be written as: 
 ( , , ) ( ) ( , )e e ex xy k y kZ Z N Uu  (13) 
where the superscript e  denotes an element level quantity. 
The remaining finite element procedure is rather standard. By substituting Eq. (13) into Eq. (12) and 
recasting the equations in matrix-vector notations, the following control equation is yielded for the 
arbitrary variation of the quantities *eGU : 
 22 2 2 1 2 1 2 2 2 1[ ] [ ] [ ] [ ] [ ]n n n n n n nZu u u u u K U P M U  (14) 
where n  is the number of nodes, [ ]U  is the global vector of the unknown nodal displacements, [ ]M  is a 
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real-valued symmetric matrix of mass, [ ]K  is a Hermitian matrix of stiffness, and [ ]P  is the force matrix 
in the form: 
/2 / 2 / 2 /2 1 2
1
[ ] [ ] [0, ..., | , | , | , | , 0, ...]
ne
e T
x y H y y H x y H y y H n
i
p p p p      u
 
  P P*  (15) 
where ne  is the number of elements, and the locations of xp  and yp  depend on the node numbering 
scheme. 
3. Global Equations 
The field equations obtained for the first general layer in Eq. (6) can be regarded as the boundary 
conditions for the set of control equations (14) obtained for the second general layer. All layer equations 
are then combined into a global equation for the system: 
2
/2 / 2 /2 /2[ ][ ] [0, ..., | , | , | , | , 0, ...] [ ][ ]
T
yx y H yy y H yx y H yy y HV V V V Z      K U M U  (16) 
Note that, alternatively, the related stress components in Eq. (6) can also be written in term of the 
displacement components instead of the P and SV wave amplitudes: 
1
/ 2 /2 /2 /24 4 4 4
| , | | | | , |
T T
yx y H yy y H y H u y H x y H y y Hu uVV V

 r  r  r  r  r  ru u
ª º ª º ª º ª º ¬ ¼ ¬ ¼ ¬ ¼ ¬ ¼T T  (17) 
where [ ]uT  and [ ]TV  are the coefficient matrixes of Eqs. (5) and (6), respectively. Then Eq. (16) can be 
rearranged into the following eigenproblem, 
 ^ `2[ ] [ ] [ ] [ ] 0Z   K T M U  (18) 
where [ ]T  is the transformation matrix in Eq. (17) at its global representation. The determinant of the 
coefficients in Eq. (18) must vanish for nontrivial solutions of U  to exist, which gives an eigenvalue 
equation that describes the dispersion relationship. 
 
(a) (b)  
Fig. 2. Dispersion curves of phase velocity vs. frequency obtained from: (a) reference [2], (b) present method. 
4. Verification and Results 
To verify the method as well as to show the results, a special two general layers case of an isotropic 
1620  Zhirong Lin et al. / Procedia Engineering 10 (2011) 1615–1620
and homogenous epoxy waveguide (Layer 2) on a semi-infinite aluminium substrate (Layer 3) with the 
following geometry and physical property is considered: 
3
3
2700.0 kg/m , 6320.0 m/s, 3130.0 m/s,
1170.0 kg/m , 2610.0 m/s, 1100.0 m/s,   0.0001 m
a pa sa
e pe se
c c
c c H
U
U
   
    
 (19) 
where aU  and eU  are the densities of the aluminium and epoxy, respectively, pac  and pec  are the P wave 
velocities of the aluminium and epoxy, respectively, and sac  and sec  are the S wave velocities of the 
aluminium and epoxy, respectively. 
The results of phase velocity vs. frequency dispersion relationship for the two lowest-order positive 
going waves, with frequency from 0 to 10 MHz, are plotted in Fig. 2(b). Figure 2(a) is the results obtained 
from [2] using a global matrix technique. The good agreement of the first propagating mode between the 
results from this paper and [2] can be clearly seen in Fig. 2. 
5. Conclusions 
A computation method in two dimensions is presented to obtain dispersion curves of plane strain 
waves propagating in waveguides buried in isotropic and homogenous infinite space. The waveguide 
layer and its surrounding medium of infinite space are modeled separately by conventional variational 
finite elements and analytical bulk waves, respectively. Due to the nature of the finite element technique, 
the waveguide layer can have a complex material and geometry properties, provided the element mesh is 
sufficiently fine. Without loss of generality, the verification and results are given for an isotropic and 
homogenous waveguide on a half space. 
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